The nonlinear two-dimensional forced-convection boundary-layer magneto hydrodynamic MHD incompressible flow of nanofluid over a horizontal stretching flat plate with variable magnetic field including the viscous dissipation effect is solved using the homotopy perturbation method HPM . In the present work, our results of the HPM are compared with the results of simulation using the finite difference method, Keller's box-scheme. The comparisons of the results show that the HPM has the capability of solving the nonlinear boundary layer MHD flow of nanofluid with sufficient accuracy.
Introduction
Recently, lots of attention are devoted toward the semianalytical solution of real-life mathematical modeling that is inherently nonlinear differential equations with variable coefficients. Most of the nonlinear differential equations do not have an analytical solution. However, so far there have been many researchers that attempted to solve the nonlinear differential equations by using numeric methods. Using the numeric methods, a tremendous amount of CPU time as well as huge memory is required. Semianalytical methods which are more suitable than the numerical methods are applied for the solution of nonlinear nonhomogeneous partial differential equations 1-7 . Comparing with other methods, the Semianalytical methods have the advantage of simplicity when applying to solve complicated nonlinear problems. The HPM, ADM, and VIM methods are used to solve the nonhomogeneous variable coefficient partial differential equations with accurate approximation. Consequently, to extend the validity of the solution to a broader range, one needs to handle huge amount of computational effort. The most powerful Semianalytical method to the solution of nonhomogeneous variable coefficient partial differential equations is the homotopy perturbation method HPM .
Basic Idea of Homotopy Perturbation Method
The homotopy perturbation method HPM is originally initiated by . This is a combination of the classical perturbation technique and homotopy technique. The basic idea of the HPM for solving nonlinear differential equations is as follows: consider the following nonlinear differential equation:
subject to boundary condition
where L is a general nonlinear differential operator and B is a boundary operator. Usually the main differential equation does not include the small parameter; however, to construct a homotopy, the nonlinear operator is divided into two parts, the first part includes the linear operator, L, and the second part includes the nonlinear operator, N. Therefore, 2.1 is rewritten as
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We now write the homotopy that constructed by He 1-9 as follows:
where p is called the homotopy parameter which is usually assumed to vary between 0, 1 . In 2.4 , when p is equal to 1 it converts back to the main differential equation 2.1 , and in case where p is equal to zero, 2.4 gives the zero-order approximation of the main differential equation 2.1 . According to the perturbation method, the approximate solution to 2.4 is expressed as a series of the power of the homotopy parameter p as
where in the limit when p approaches 1, 2.5 becomes
Mathematical Formulation
The governing two-dimensional forced-convection boundary-layer flow over a horizontal stretching flat plate including the viscous dissipation term is written as where u w is the x-component of velocity on the horizontal flat plate, b and m are constants, and T w and T ∞ are the plate and ambient temperatures, respectively. The nanofluid properties such as the density, ρ nf , the dynamic viscosity, μ nf , the heat capacitance, ρC p nf , and the thermal conductivity, k nf , are defined in terms of fluid and nanoparticles properties as in 21 , 
where the stream function ψ x, y is defined as
By applying the similarity transformation parameters, the momentum equation 3.1 and the energy equation 3.2 can be rewritten as
0.
3.10
Therefore, the transformed boundary conditions are
The dimensionless parameters of Mn, Pr, Ec, and Re x are the magnetic parameter, Prandtl, Eckert, and Reynolds numbers, respectively. They are defined as
Equation 3.10 is rewritten as
The boundary conditions for f and θ in 3.13 and 3.14 are as follows:
Journal of Applied Mathematics where coefficients, A, B, C, D, and E are written as
.
3.16

The HPM Applied to the Problem
We are ready now to apply the HPM to solve the similarity nonlinear ordinary differential equations 3.13 and 3.14 with boundary conditions defined as in 3.11 . First we construct a homotopy for each of 3.13 and 3.14 as follows:
The approximation for each of f and θ in terms of the power series of homotopy parameter p is written as
Substituting 4.3 and 4.4 into 4.1 and 4.2 , respectively, and after manipulations, the coefficients of terms of different powers for p are written as follows:
The above sets of recursive ordinary differential equations along with their boundary conditions are solved using the MAPLE software. Some samples of these functions obtained by the MAPLE software are brought to the reader's attention as follows: 
Numerical Method
The differential equations, 3.13 and 3.14 , along with the boundary conditions, 3.15 , are split into five first-order differential equations by introducing new dependent variables. The five split first-order differential equations are discretized using the first-order backward finite difference scheme, the so-called Keller's box method 20 . The discretized form of the five split differential equations are linearized using the Newton's method 24-26 . The discretized and linearized equations form a system of block-tridiagonal equations which are solved using the block-tridiagonal-elimination technique 26 . A step size of Δη 0.005 is selected to satisfy the convergence criterion of 10 −4 in all cases. In our simulation, η ∞ is chosen to be equal to 5 in order to suffice for taking into account the full effect of boundary layer growth. Then the differential equations, 3.13 and 3.14 , along with the boundary conditions, 3.15 , are solved using the HPM. The recursive differential equations with the relevant boundary conditions resulting from the HPM are solved using the MAPLE software. Table 2 Figure 4 shows the comparison of dimensionless velocity profiles versus the normalized coordinates obtained for velocity from HPM and NM are negligible at the same conditions. The reason of this behavior is due to the complex nonlinearity that exists in the nature of the governing equations which makes it so difficult to exactly realize the obsessive interaction existing in the problem. Figure 6 shows the comparison between dimensionless velocity profiles versus the normalized coordinates using the Keller's box numerical method and the results obtained by 
Results and Discussions
Conclusions
In this work, the nonlinear two-dimensional forced-convection boundary-layer magneto hydrodynamic MHD incompressible flow of nanofluid over a horizontal stretching flat plate with variable magnetic field including the viscous dissipation effect is solved using the homotopy perturbation method HPM . Prandtl number Re:
Reynolds number S:
No. of terms in the HPM T :
Absolute temperature T ∞ :
Constant temperature of the fluid far away from the plate T w :
Given temperature at the plate u:
Velocity in x-direction v:
Velocity in y-direction
